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We investigate the parity- and time-reversal (PT )-symmetry breaking in lattice models in the
presence of long-ranged, non-hermitian, PT -symmetric potentials that remain finite or become
divergent in the continuum limit. By scaling analysis of the fragile PT threshold for an open
finite lattice, we show that continuum loss-gain potentials Vα(x) ∝ i|x|αsign(x) have a positive
PT -breaking threshold for α > −2, and a zero threshold for α ≤ −2. When α < 0 localized states
with complex (conjugate) energies in the continuum energy-band occur at higher loss-gain strengths.
We investigate the signatures of PT -symmetry breaking in coupled waveguides, and show that the
emergence of localized states dramatically shortens the relevant time-scale in the PT -symmetry
broken region.
I. INTRODUCTION
Since Bender and co-workers’ seminal work on non-
hermitian Hamiltonians a decade and a half ago, there
has been tremendous progress in the field of parity and
time-reversal (PT -) symmetric quantum theory [1–3].
For continuum, PT -symmetric, non-hermitian Hamilto-
nians on an infinite line, they showed that the eigenvalue
spectrum is purely real when the strength of the “non-
hermiticity” is small, and becomes complex when it is
large. Traditionally, the region of the parameter space
where the eigenvalues of the PT -symmetric Hamiltonian
are purely real, λ = 
∗
λ, and the eigenfunctions are simul-
taneous eigenfunctions of the combined PT -operation,
fλ(x) = f
∗
λ(−x), is called the PT -symmetric region. In
the early years, significant theoretical progress was made
towards the development of a self-consistent quantum
theory via a Hamiltonian-dependent inner product, un-
der which the eigenfunctions become orthonormal in the
PT -symmetric phase [2]. This progress was accompanied
by mathematical advances in the field of pseudohermi-
tian operators - operators that are not hermitian under
the standard inner product, but may be self-adjoint un-
der an appropriately defined metric [4]. Most of these
investigations were focused on continuum Hamiltonians
on an infinite line.
During the past five years, discrete PT -symmetric
Hamiltonians on finite lattices and continuum PT -
symmetric Hamiltonians on a finite line have been exten-
sively studied due to their experimental relevance. PT
symmetry breaking is a non-perturbative phenomenon
that occurs when the strength of the non-hermitian
potential is equal to the relevant hermitian energy
scale. A perturbation-theory characterization of the PT -
symmetry breaking criterion was developed in Ref. [5],
which showed that the eigenvalues of a PT -symmetric
Hamiltonian H = H0 + iγV remain real when the
strength γ of the non-hermitian potential V is smaller
than the radius of convergence γR for the perturbation
expansion; this radius is determined by the hermitian
piece H0. It also demonstrated that coupled optical
waveguides with balanced loss and gain provide an ideal
candidate to visualize the effects of approaching the PT -
breaking transition [5]. Since then, it has become clear
that PT -symmetric Hamiltonians naturally arise as “ef-
fective Hamiltonians” for open systems with balanced
loss and gain, and PT -symmetry breaking experimen-
tally manifests as a transition from a quasiequilibrium
state to a state with broken reciprocity. Experimental
demonstrations of PT -symmetry breaking in optics [6–
9], and the natural emergence of PT -symmetric effective
potentials in driven condensed matter systems [10–12]
have complemented theoretical studies of PT -symmetry
breaking in lattice models [13–18] and continuum models
on a finite line [19–25]. Special attention has been paid
to the number of eigenvalues that become complex [26],
their location in the energy spectrum [27, 28], the ex-
tended or localized nature of the corresponding eigen-
states [29], and the experimental consequences of the spa-
tial extent of the states that break the PT symmetry [30].
A salient difference between the lattice and continuum
models is as follows. In all cases, continuum models on
a finite line have shown a positive PT -symmetry break-
ing threshold [19–25]. In contrast, most lattice models
have shown a vanishing PT -symmetry breaking thresh-
old that goes to zero as the number of lattice sites N
diverges [15, 27, 28, 31]. This remarkable discrepancy
suggests that understanding the differences between lat-
tice and continuum models is crucial for a detailed un-
derstanding of the PT -symmetry breaking phenomenon,
particularly because all of its realizations have been in
small lattices with N . 100 sites.
Here, we investigate PT -symmetry breaking in N -site
lattices with extended loss-gain potentials characterized
by strength γ > 0 and parameter α, and their contin-
uum counterparts on a finite segment. The paper is
organized as follows. In the next section, we present
the tight-binding model, and discuss the results for the
PT -symmetric threshold γPT (N,α) on the lattice and
their continuum implications. In particular, we show
that some divergent continuum potentials on a finite seg-
ment have a positive PT -symmetry breaking threshold.
In Sec. III we discuss the signatures of PT -symmetry
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2breaking in such lattices, and show that they are consis-
tent with the expectations based on the extended nature
of PT -broken eigenstates. In Sec. IV we show that lo-
calized states with complex energies within the lattice
energy band emerge at much larger loss-gain strength
γc  γPT , and discuss their significance. We conclude
the paper with Sec. V.
II. TIGHT-BINDING MODEL
Consider an N -site tight-binding lattice with site-to-
site distance a and nearest-neighbor tunneling J > 0. Its
hermitian tunneling Hamiltonian is given by
H0 = −J
N−1∑
k=1
(
a†k+1ak + a
†
kak+1
)
, (1)
where a†k(ak) represents the creation (annihilation) oper-
ator for a state |k〉 localized at site k. We keep coupled
optical waveguides in mind for an experimental realiza-
tion of this lattice; thus, a†k represents the creation op-
erator for the single-mode electric field in the waveguide
1 ≤ k ≤ N . The parity operator on an open lattice is
given by P : a†n → a†n¯ where site n¯ = N + 1 − n is the
parity-symmetric counterpart of site n. The action of the
time-reversal (or motion-reversal) operator is T : i→ −i.
We note that the Hamiltonian Eq.(1) represents a lattice
with open boundaries, and thus its eigenfunctions ψn(m)
satisfy the constraint ψn(m = 0) = 0 = ψn(m = N + 1).
In the continuum limit, this boundary condition trans-
lates into Dirichlet boundary condition with a vanishing
wave function.
The spectrum of the tight-binding model is given by
En = −2J cos(kn), and the corresponding extended, nor-
malized eigenfunctions consistent with the open bound-
ary condition are ψn(m) = 〈m|ψn〉 = sin(knm). Here
kn = npi/(N + 1) with 1 ≤ n ≤ N . Note that the
spectrum is symmetric about zero, En = −En¯, the
eigenfunctions have equal weights on parity-symmetric
sites, and the eigenstates at energies ±En are related
by 〈m|ψn〉 = (−1)m〈m|ψn¯〉. These symmetries of the
spectrum and eigenfunctions remain valid in the pres-
ence of pure loss-gain potentials in the PT -symmetric
region [32].
We consider a class of extended loss-gain potentials
parameterized by α,
Vα = iγ
N∑
k=1
|k − nc|αsign(k − nc)a†kak. (2)
Here, γ > 0 is the strength of the potential and nc =
(N + 1)/2 is the lattice center. With the present con-
vention, the first half of the lattice, k ≤ nc, is the “loss
region” and the second half of the lattice, k > nc, is
the “gain region”. In coupled optical waveguides, such
a potential is implemented by a site-dependent complex
index of refraction nk = nRk+inIk with a symmetric real
part, nRk = nRk¯, and an antisymmetric imaginary part,
nIk = −nIk¯. At this point, we remind the reader that ex-
tended potentials on a lattice, Eq.(2), were investigated
and deemed unstable due to the vanishing PT -symmetric
threshold that is obtained in the limit N  1 [15, 31].
The continuum limit of this problem is defined by
N, J → ∞ and a → 0 in such a manner that Na → 2L
defines the length of the finite segment and Ja2 → ~2/2m
defines the mass of the non-relativistic quantum particle
confined in this segment. With this notation, it follows
that the continuum potential becomes
Vα(x) = iΓsign(x)
∣∣∣ x
L
∣∣∣α = V ∗α (−x), (3)
where the potential strength Γ is given by
Γ = lim
N→∞
γ
(
N
2
)α
. (4)
Note that the continuum potential Eq.(3) is not analytic
at x = 0 except when α is an odd integer. Then, for
α > 0, Vα(x) reduces to cases considered in earlier inves-
tigations [1–3, 23–25], although none of those works con-
sider divergent potentials α < 0. The continuum problem
corresponding to the Hamiltonian H0+Vα is given by the
Schro¨dinger equation
− ~
2
2m
∂2xψq(x) + Vα(x)ψq(x) = Eqψq(x) (5)
subject to boundary conditions ψq(x = ±L) = 0. At
this point, we remind the reader that a positive PT -
breaking threshold was found for the spectrum of Eq.(5)
when α = 0 [19], α = 1 [10, 11, 23], and α = 3, 5 [24, 25].
In this section, we will resolve this apparent discrepancy
between the lattice and continuum results.
Since the spectrum of the PT -symmetric Hamiltonian
Hα = H0 + Vα cannot be obtained analytically, we nu-
merically obtain the threshold γPT (N,α) below which
all eigenvalues of the discrete N × N Hamiltonian are
purely real. The left-hand panel in Fig. 1 shows the de-
pendence of the threshold on the lattice size. We see
that γPT (N,α)/J decreases in a power-law fashion as
N increases, and that the power-law exponent is deter-
mined by α > −2. Thus, for α > −2, the PT -symmetric
threshold vanishes with increasing N and the resultant
PT -symmetric phase is fragile [31], but in a very specific
manner,
γPT (N,α)
J
→ Aα
(
2
N
)α+2
, (6)
for N  1. It follows from Eqs.(4) and (6) that the
dimensionless continuum threshold for Vα(x) is equal to
the power-law prefactor,
ΓPT (α)
EL
= lim
N→∞
γPT
J
(
N
2
)α+2
= Aα, (7)
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FIG. 1. (Color online) Left-hand panel: the lattice PT -threshold γPT (N,α)/J shows a power-law dependence on the inverse
lattice size 1/N for different loss-gain potentials Vα. These results are obtained with 100 ≤ N ≤ 1000. Note the logarithmic
scale on both axes. Right-hand panel: the continuum threshold ΓPT (α)/EL, obtained from the scaling data, shows that
continuum models, Eq.(3), have a positive threshold for α > −2. This includes divergent potentials such as V (x) = iΓL/x.
where EL = ~2/2mL2 is the continuum energy scale for
a particle on a finite segment. This continuum threshold
ΓPT (α)/EL, obtained from the scaling data, is shown in
the right-hand panel of Fig. 1. It shows that ΓPT (α)/EL
is a positive, monotonically increasing function of α that
goes to zero as α → −2+. These results imply that,
surprisingly, divergent potentials including V (x) = iΓL/x
have a positive, finite PT - breaking threshold.
When α ≤ −2, we find that the numerically obtained
lattice threshold γPT (α)/J is independent of the lattice
size N . Therefore, the corresponding continuum thresh-
old obtained via Eq.(7) vanishes, ΓPT (α ≤ −2)/EL = 0.
To quantify the applicability of the scaling proposed in
Eq.(6) to finite lattices, in Table I we list the mean value
of Aα and its variance obtained from the size-dependent
γPT (N,α) for lattice sizes varying in steps of 200 from
N = 200 to N = 2000. We see that for α ≥ −1, the
variance in Aα is less than 1% of its mean value; for
α = −1.5, the variance is larger, but only due to finite-
size effects that become dominant as the exponent α +
2→ 0 when α→ −2. Thus, the scaling trend postulated
in Eq.(6) holds well down to N ∼ few hundred. The
second column in Table I also indicates that when α =
{0, 1, 3, 5}, the mean Aα exactly matches the continuum
threshold results obtained in the literature.
Results in Fig. 1 and Table I reconcile the nonzero PT -
threshold, i.e. ΓPT (α)/EL > 0, in a continuum model
with a vanishing PT -threshold, i.e. γPT (α)/J → 0, in
the corresponding lattice model. The existence of a pos-
itive continuum threshold, particularly for α ≥ 0, follows
from perturbation theory. The spectrum of the hermi-
tian Hamiltonian H0 is given by n = EL(npi/2)
2 and
has a finite minimum gap. PT -symmetry breaking is
preceded by the closing of the finite gap between adja-
exponent α mean Aα Aα variance ratio
-1.5 0.3259 0.0109 0.033
-1.0 1.1092 0.0079 0.007
-0.5 2.4046 0.0118 0.005
0.0 4.4436 [19] 0.0231 0.005
0.5 7.5454 0.0253 0.003
1.0 12.2470 [10] 0.0510 0.004
1.5 20.2661 0.0866 0.004
2.0 34.4561 0.2430 0.007
2.5 40.9759 0.2454 0.006
3.0 50.9557 [24] 0.3314 0.007
3.5 69.0344 0.4891 0.007
4.0 89.8517 0.7237 0.008
4.5 102.1642 0.8520 0.008
5.0 121.6964 [25] 1.1069 0.009
TABLE I. The mean and variance of Aα obtained from van-
ishing lattice thresholds γPT (N,α)/J with 200 ≤ N ≤ 2000.
cent eigenvalues, which, in turn requires a finite strength
of the non-hermitian potential [33]. This finite thresh-
old mandates, via Eq.(4), that the corresponding lattice-
model threshold γPT /J must vanish algebraically with
increasing lattice size. These findings are not surpris-
ing for α ≥ 0, when the continuum potential Vα(x) is
bounded over the entire line. However, our analysis also
predicts that divergent PT -potentials, too, have a posi-
tive threshold when −2 < α < 0. (Such potentials have
not been investigated in the literature.) In the following
section, we investigate the signatures of PT symmetry
breaking in such potentials.
4III. PT BREAKING SIGNATURES
The lattice Hamiltonian Hα can be realized in an ar-
ray of coupled optical waveguides. The tunneling J is
determined by the waveguide cross-section and the dis-
tance between adjacent waveguides. It is easily tuned
with present-day technology [34–36], as is the loss poten-
tial in the first half of the lattice, k ≤ nc, engineered via
the imaginary part of the index of refraction. The fabri-
cation of an extended, position-dependent gain potential
has not yet been experimentally demonstrated, although
it may be relatively straightforward to implement in the
discrete parity-time synthetic lattices [9, 30]. In this sec-
tion, we present the signatures of PT -symmetry break-
ing in the time-evolution of an initially normalized wave
packet, and discuss their relationship with the spatial
structure of the PT -broken eigenfunctions.
Since Hα is a single-particle, time-independent Hamil-
tonian, it is straightforward to obtain the time-evolved
state |ψ(t)〉 = G(t)|ψ(0)〉 where G(t) = exp(−iHαt/~) is
the non-unitary time evolution operator. The site-and
time-dependent intensity is then obtained as I(k, t) =
|〈k|ψ(t)〉|2, and the total intensity I(t) = ∑k I(k, t) is
not conserved. Note that since the finite-dimensional
Hamiltonian Hα(γ) is diagonalizable for γ 6= γPT , the
net intensity I(t) oscillates but remains bounded when
γ < γPT and increases exponentially with time at long
times when γ > γPT . At the PT -breaking point, the
Hamiltonian is defective, and can be reduced to a Jor-
dan canonical form with at least one non-trivial Jordan
block. Therefore, at long times, the net intensity scales as
a power-law, I(t) ∝ t2(p−1), where p ≥ 2 is the dimension
of the nontrivial Jordan block corresponding to the PT -
breaking, degenerate eigenvalue; at shorter times, the in-
tensity I(t) is a polynomial of order 2(p−1) whose exact
form is determined by the Hamiltonian at the exceptional
point γ = γPT . Thus, for any finite lattice, at the PT -
breaking threshold, the net intensity at long times scales
as an even power of time or, equivalently, the distance
along the waveguide. We will see in the next section that
the relevant time-scale that codifies “long time” is cru-
cially determined by the extended vs. localized nature of
eigenfunctions with complex energies.
We use an initial state centered at lattice site k0,
〈k|ψ(0)〉 = 1
A
e−(k−k0)
2/2σ2 , (8)
where A2(σ,N, k0) =
∑N
k=1 exp
[−(k − k0)2/σ2] ensures
that the state is normalized. The results shown in Fig. 2
are for σ = 1 and k0 = nc, but one obtains qualitatively
similar results for broad wave packets centered at arbi-
trary locations. The left-hand column in Fig. 2 shows
the site- and time-dependent intensity for α = +1 (top
panel), α = 0 (center panel), and α = −1 (bottom panel).
In each case, the PT -potential strength is just below
the threshold, γ/γPT (N,α) = 0.995, the unit of time
is given by Ts = 2pi/∆av where the average level spacing
is ∆av ∼ 4J/N (~ = 1). We have chosen the time-range
t/Ts ≤ 150 to cover one bounded intensity oscillation.
The top panel shows that when α = +1, the wave packet
undergoes amplification near the center of the lattice.
The region of maximal intensity is spread out broadly
for α = 0 (center panel), whereas when α = −1, the
maximum amplification does not occur near the center
of the lattice. In each case maximum site-intensity in
the loss region, k ≤ nc, lags the maximum site-intensity
in the gain region, k > nc. The right-hand column shows
that just above the threshold, γ/γPT (N,α) = 1.005, the
intensity profile monotonically increases with time, but
retains an identical α-dependence.
These intensity profiles have two surprising features.
The first is that the amplification in the gain region
is faithfully transferred to the loss region. Thus, the
lag between the intensity maxima is the primary dis-
tinguisher between gain and loss regions. The second
is that the maximum site intensity does not occur in
the region of maximum gain potential. When α > 0,
the loss-gain potential maxima occur at the two ends
of the lattice and the intensity maxima from the non-
unitary time evolution are concentrated near the cen-
ter. When α < 0, the loss-gain maxima occur at the
center of the lattice, whereas the intensity maxima are
displaced outward. This counterintuitive behavior is un-
derstood by focusing on the eigenfunctions that break
the PT -symmetry and dominate the non-unitary time
evolution. At γ = 0, the ground state wave function
ψ1(k) = sin(pik/(N + 1)), and the excited state wave
function ψ2(k) = sin(2pik/(N + 1)) are orthogonal. As
γ → γPT , the corresponding γ-dependent eigenfunctions
become degenerate, and show a maximum at the cen-
ter of the lattice for α > 0 and a dip at the center of the
lattice for α < 0. Indeed, at long times, the intensity pro-
file I(k, t) is determined by the intensity profile of these
eigenfunctions and is therefore (mostly) independent of
the choice of the initial state |ψ(0)〉.
For all potentials Vα considered in this paper, the PT -
symmetry is first broken via the ground-state and first-
excited-state eigenfunctions that are extended over the
entire lattice. When the potential strength exceeds the
fragile threshold γPT (N,α) ∝ J(2/N)α+2 and contin-
ues to increase, generically, the fraction of eigenvalues
that become degenerate and then complex increases, and
the corresponding extended eigenfunctions become PT
asymmetric [23, 33]. In the following section, we will in-
vestigate the emergence of localized states with complex
energies at loss-gain potential strengths comparable to
the lattice bandwidth, γ ∼ J  γPT (N,α).
IV. BOUND STATES IN THE CONTINUUM
The discrete spectrum of the Hamiltonian H0 is
bounded by ±2J and becomes a continuous band when
the lattice is infinite. A remarkable property of the
Hamiltonian Hα is that, no matter how “strong” the loss-
gain potential is, the real part of the energy spectrum
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FIG. 2. (Color online) Signatures of PT -breaking transition in extended potentials with α = 1 (top row), α = 0 (center row),
and α = −1 (bottom row). In each panel, the time is normalized in units of inverse average level spacing Ts = 2pi/∆av.
Left-hand column: below the threshold, γ/γPT (N,α) = 0.995, the wave packet undergoes bounded intensity oscillation, its
intensity in the loss region lags the intensity in the gain region, and the maximum intensity does not occur in the region with
largest loss-gain potential. Right-hand column: after the threshold, γ/γPT (N,α) = 1.005, the wave packet intensity increases
monotonically, with the loss-region lagging behind the gain-region. The initial state is localized near the center of the N = 100
lattice, Eq.(8) with σ = 1 and k0 = nc.
of Hα remains confined to this band while the imagi-
nary part of complex energies increases with the loss-gain
strength for γ  γPT . Just as bound states occur in the
presence of a hermitian potential, they do in the pres-
ence of a non-hermitian, PT -symmetric potential when
its strength γ exceeds a threshold γc. The crucial dif-
ference in the latter case, though, is that the (real part
of) energy of such localized states lies in the band ±2J .
It is possible to analytically obtain the threshold γc for
a single pair of PT impurities in an infinite lattice [29].
However, in the present case with extended potentials
Vα, we locate this threshold numerically.
Figure 3 shows the bound-state threshold γc(α)/J for
an infinite lattice, obtained from the data for lattice sizes
ranging from N = 100 to N = 4000. When α > 0, the
potential does not have any bound states. As α decreases,
the potential deepens near the center and bound states
localized near the lattice-center emerge. We find that the
requisite threshold γc(α)/J decreases monotonically with
decreasing α ≤ −1. This is consistent with the fact that
for large, negative α, the potential is concentrated near
the lattice center, and therefore the threshold strength
necessary to support a bound state is lowered. When
−1 < α < 0, the cumulative gain
Vc(α) = γ
N∑
k>nc
1
(k − nc)|α| (9)
diverges as N → ∞ for any value of γ > 0. There-
fore the threshold strength γc(α) required for a bound
state vanishes in this limit. We emphasize that the
bound-state threshold value is much larger than the
PT -symmetry breaking threshold for the same lattice,
γc(α)/J ∼ 1 γPT (α,N)/J .
The inset in Fig. 3 shows the emergence of a bound
state at α = −1, when the bound-state threshold is
γc/J = 1. The horizontal axis represents fractional lo-
cation along the lattice, and the vertical axis denotes
the site intensity; the solid lines represent results for
N = 200 and the dashed lines correspond to the N = 400
case. When γ/γc = 0.95, the eigenstate site-intensity is
nonzero over the entire gain region. (The eigenstate with
the complex-conjugate energy has site-intensity that is
nonzero over the entire loss region.) As is expected for
an extended state, when the lattice size is doubled from
N = 200 (red solid line) to N = 400 (red dashed line) the
site intensity is reduced by a factor of two. This changes
dramatically as γ crosses the bound-state threshold. At
γ/γc = 1.05, the corresponding eigenstate now becomes
localized near the lattice center in the gain region. We
note that in contrast to the extended state, the localized
state site-intensity profiles for N = 200 (blue solid line)
and N = 400 (blue dashed line) have the same height,
and the fractional width of the profile is halved as N is
doubled. This is the key signature of a localized state.
Lastly, we demonstrate the dramatic effect of the emer-
gence of a localized state with complex energy on the
time-scale that determines the “long-time” behavior of
net intensity I(t) in the PT -symmetry broken phase.
All results in Fig. 4 are obtained for an N = 100 lat-
tice with α = −1, and a broad initial state at the center
of the lattice, Eq.(8), with σ = 10. Panel (a) in Fig. 4
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FIG. 3. (Color online) Bound-state threshold γc(α)/J for
an infinite lattice, obtained from lattice sizes N=100-4000.
There are no localized states for a positive α. The threshold
is vanishingly small for −1 < α ≤ 0, and when α < −1 the
threshold decreases monotonically with α. The inset shows
the emergence of a localized eigenstate for α = −1 with γc =
J . An extended eigenstate at γ/γc = 0.95 (red solid or dashed
line) becomes localized past the threshold, γ/γc = 1.05 (blue
solid or dashed line). The vertical axis in the inset is the
eigenstate site intensity.
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FIG. 4. (Color online) Panel (a): net intensity I(t) shows
exponential growth at long times tEL  1 when the PT -
symmetry is broken by extended eigenfunctions. Panel
(b): for γPT (N,α)  γ < γc(α), the net intensity I(t)
shows a staircase structure over time-scale 1/J  1/EL =
(1/J)(N/2)2 (blue solid line). This staircase changes to
a straight line over the same time-scale when the bound-
state threshold is crossed, γ > γc(α) (red dot-dashed line).
Panel (c): log I(k, t) shows that step in I(t) corresponds to
the return of partial waves from the lattice edges at time
∼ N/2J = 50/J marked by the vertical dashed white line.
shows that the net intensity I(t) increases exponentially
at times tEL & 20 where 1/EL represents the time-scale
associated with extended states that break the PT sym-
metry. Recall that this time-scale is much longer than the
bound-state time-scale, 1/EL = (1/J)(N/2)
2  (1/J).
Panel (b) in Fig. 4 shows the behavior of net intensity
I(t) over time-scale 1/J . Below the bound-state thresh-
old, γ/γc = 0.998 (blue solid line), the intensity on the
logarithmic scale shows a step-like structure. This step-
structure is replaced by a straight line just above the
threshold, γ/γc = 1.006 (red dot-dashed line). Thus, the
presence of a localized state with complex energy dramati-
cally shortens the time-scale for exponential intensity be-
havior from ∼ 1/EL to ∼ 1/J  1/EL. Panel (c) in
Fig. 4 shows the logarithm of site and time-dependent
intensity I(k, t) just below the bound-state threshold,
γ/γc = 0.998. The vertical white dashed line marks the
time when the first partial waves, starting near the center
of the lattice, return to the center after reflection at the
two ends of the open lattice; these return reflections are
denoted by white dotted lines. Panel (c) I(k, t) and panel
(b) I(t) show that the step-structure in the intensity cor-
responds to the return of such partial waves. Below the
bound-state threshold, such staircase structure in the net
intensity I(t) is exhibited at times Tn = nN/2J .
V. DISCUSSION
In this paper, we have investigated PT -symmetry
breaking in the presence of extended potentials on a lat-
tice, some of which map onto divergent potentials on a fi-
nite segment in the continuum limit. We have shown that
the vanishing PT -breaking threshold in lattice models
with extended loss-gain potentials guarantees a positive,
finite threshold in their continuum counterparts. In ad-
dition, we have found that divergent, loss-gain potentials
such as V (x) = iΓL/x on a finite segment have a positive
PT -breaking threshold. We have shown that the emer-
gence of localized states in PT potentials dramatically
shortens the time-scale necessary for the net intensity to
exhibit an exponential-in-time behavior.
Our results elucidate the connection between lattice
and continuum models. They raise similar questions
about PT -symmetry breaking in an infinite lattice and
its counterpart on an infinite line, as well as a lattice with
continuous, local degree of freedom and its field-theory
counterpart [37]. They also hint at the existence of ana-
lytical solutions for special values of α, such as α = −2
or α = −1. Addressing these questions will deepen our
understanding of PT -symmetry breaking and its observ-
able consequences in experimentally accessible finite lat-
tice systems such as optical waveguide arrays.
7ACKNOWLEDGMENTS
DS and YJ thank Los Alamos National Laboratory
where this work began. This work was supported in
part by the National Science Foundation under Grant
No. NSF PHY11-25915 and DMR-1054020, and in part
by the US Department of Energy.
[1] C.M. Bender and S. Boettcher, Phys. Rev. Lett. 80, 5243
(1998).
[2] C.M. Bender, D.C. Brody, and H.F. Jones, Phys. Rev.
Lett. 89, 270401 (2002).
[3] For a review, see C.M. Bender, Rep. Prog. Phys. 70, 947
(2007) and references therein.
[4] A. Mostafazadeh, Int. J. Geom. Meth. Mod. Phys. 7,
1191 (2010); Phys. Scr. 82, 038110 (2010).
[5] S. Klaiman, U. Gunther, and N. Moiseyev, Phys. Rev.
Lett. 101, 080402 (2008).
[6] A. Guo, G.J. Salamo, D. Duchesne, R. Morandotti, M.
Volatier-Ravat, V. Aimez, G.A. Siviloglou, and D.N.
Christodoulides, Phys. Rev. Lett. 103, 093902 (2009).
[7] C.E. Ru¨ter, K.G. Makris, R. El-Ganainy, D.N.
Christodoulides, M. Segev, and D. Kip, Nat. Phys. 6,
192 (2010).
[8] L. Feng, M. Ayache, J. Huang, Y.-L. Xu, M.-H. Lu, Y.-
F. Chen, Y. Fainman, and A. Scherer, Science 333, 729
(2011).
[9] A. Regensburger, C. Bersch, M.-A. Miri, G. On-
ishchukov, D.N. Christodoulides, and U. Peschel, Nature
488, 167 (2012).
[10] J. Rubinstein, P. Sternberg, and Q. Ma, Phys. Rev. Lett.
99, 167003 (2007).
[11] M. Serbyn and M.A. Skvortsov, Phys. Rev. B 87,
020501(R) (2013).
[12] T. Gulden, M. Janas, P. Koroteev, and A, Kamanev,
JETP 144, 595 (2013).
[13] M. Znojil, Phys. Rev. A 82, 052113 (2010).
[14] M. Znojil, Phys. Lett. A 375, 3435 (2011).
[15] O. Bendix, R. Fleischmann, T. Kottos, and B. Shapiro,
Phys. Rev. Lett. 103, 030402 (2009).
[16] L. Jin and Z. Song, Phys. Rev. A 80, 052107 (2009).
[17] Y.N. Joglekar and A. Saxena, Phys. Rev. A 83,
050101(R) (2011).
[18] G. Della Valle and S. Loghi, Phys. Rev. A 87, 022119
(2013).
[19] M. Znojil, Phys. Lett. A 285, 7 (2001).
[20] K.G. Makris, R. El-Ganainy, D.N. Christodoulides, and
Z.H. Musslimani, Phys. Rev. Lett. 100, 103904 (2008).
[21] S. Longhi, Phys. Rev. A 81, 022102 (2010).
[22] E.-M. Graefe and H.F. Jones, Phys. Rev. A 84, 013818
(2011).
[23] U. Gunther, F. Stephani, and M. Znojil, J. Math. Phys.
46, 063504 (2005).
[24] C.M. Bender and H.F. Jones, J. Phys. A: Math. Theor.
45, 444004 (2012).
[25] C.M. Bender and H.F. Jones, Phys. Rev. A 85, 052118
(2012).
[26] Y.N. Joglekar and J.L. Barnett, Phys. Rev. A 84, 024103
(2011).
[27] Y.N. Joglekar, D.D. Scott, M. Babbey, and A. Saxena,
Phys. Rev. A 82 030103(R) (2010).
[28] C.H. Liang, D.D. Scott, and Y.N. Joglekar, Phys. Rev.
A 89, 030102(R) (2014).
[29] S. Longhi, arXiv:1402.3761.
[30] A. Regensburger, M.-A. Miri, C. Bersch, J. Nager, G.
Onishchukov, D.N. Christodoulides, and U. Peschel, Phy.
Rev. Lett. 110, 223902 (2013).
[31] D.E. Pelinovsky, P.G. Kevrekidis, and D.J.
Frantzeskakis, EPL 101, 11002 (2013).
[32] Y.N. Joglekar, Phys. Rev. A 82, 044101 (2010).
[33] H. Langer and C. Tretter, Czech. J. Phys. 54, 1113
(2004).
[34] D.N. Christodoulides, F. Lederer, and Y. Silberberg, Na-
ture (London) 424, 817 (2003).
[35] S. Longhi, Laser and Photon. Rev. 3, 243 (2009).
[36] Y.N. Joglekar, C. Thompson, D.D. Scott, and G. Vemuri,
Eur. Phys. J. Appl. Phys. 63, 30001 (2013).
[37] C. Bender, M. Gianfreda, and S.P. Klevansky, Phys. Rev.
A 90, 022114 (2014).
